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Analytical Transient Response and Propagation Delay
Evaluation of the CMOS Inverter for Short-Channel Devices

L. Bisdounis, S. Nikolaidis, and O. Koufopavlou

Abstract— In this paper an accurate, analytical model for
the evaluation of the CMOS inverter transient response and
propagation delay for short-channel devices is presented. An
exhaustive analysis of the inverter operation is provided which
results in accurate expressions of the output response to an input
ramp. Most of the factors which influence the inverter operation
are taken into account. The�-power law MOS model, which
considers the carriers’ velocity saturation effects of short-channel
devices, is used. The final results are in excellent agreement with
SPICE simulations.

Index Terms—Circuit transient analysis, delay effects, delay
estimation, inverters, short-channel MOSFET’s.

I. INTRODUCTION

SINCE propagation delay is one of the most critical perfor-
mance parameters in CMOS digital circuits, much effort

has to be devoted for the extraction of accurate, analytical
expressions for timing models of basic circuits. Using tran-
sistor level simulators with continuous-time modeling of the
devices, like SPICE, can be very expensive in terms of storage
and computation time. Hence, much of the past research has
addressed the development of analytical delay models, without
the necessity of expensive numerical iterations.

The main goal of this work is the analytical evaluation
of the propagation delay in a CMOS inverter. To achieve
this, analytical expressions of the output waveform must be
derived directly from the differential equation describing the
temporal evolution of the inverter output. The first closed-
form delay expression based on the output response which
was obtained directly from the differential equation describing
the CMOS inverter operation was derived in [1] for a step
input. Analytical expressions for the output waveform and the
propagation delay, including the effect of the input waveform
slope, was presented in [2] and [3], where the influence of
the short-circuit current was neglected. These works are based
on the Shichman–Hodges square-law MOS model [4] that
ignores the carriers’ velocity saturation effect, which becomes
prominent in short-channel devices. The differential equation
describing the discharge of the load capacitor was solved in
[5] for a rising input ramp considering the current through
both transistors and the gate-to-drain coupling capacitance.
However, in [5], fitting methods were used, resulting in a semi-
empirical model, which is still based on the square-law MOS
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model. Nabavi–Lishi and Rumin [6] presented a method for the
calculation of the inverter delay, where a linear approximation
of the output based on empirical factors produced from SPICE
simulations is used. Moreover, an approximated version of the
SPICE level 3 MOS model is used, where the reduction of
the drain saturation voltage due to the velocity saturation is
neglected.

Sakurai and Newton [7], [8] presented closed-form delay
expressions for the CMOS inverter, based on the-power ( -
power in [8]) law MOS model which includes the carriers’
velocity saturation effect of short-channel devices. For the
derivation of the output expression in [7], the short-circuit
current is neglected and the delay expression is valid only
for fast input ramps. In [8], a fictitious input ramp is used
which is clamped to ground for ramp voltages less than the
switching voltage in order to approximate the CMOS inverter
by an NMOS circuit. Also, in [7] and [8] the influence of the
gate-to-drain coupling capacitance is neglected. An extension
in the delay expression of [7] for the case of very lightly loaded
inverter and/or slow input signals is presented in [9] where a
table of coefficients produced from SPICE simulations is used,
but still for negligible short-circuit current. The delay model
presented in [10] uses the-power MOS model. It is based
on piecewise linear approximation of the output voltage and
the currents through both transistors, resulting in inaccurate
modeling of the nonlinear transistor’s behavior.

In this paper, analytical expressions for the CMOS inverter
output response to an input voltage ramp, which overcome the
weaknesses of previous works, are derived. Based on these
expressions, accurate analytical formulas for the evaluation
of the propagation delay for all the cases of input ramps are
produced. The derived timing model takes into account the
influences of the current through both transistors and the gate-
to-drain coupling capacitance, without using presimulation
tables or numerical methods. The presented model clearly
shows the influence of the inverter design characteristics, the
load capacitance, and the slope of the input waveform driving
the inverter on the propagation delay. The-power law MOS
model [7], which includes the carriers’ velocity saturation
effect of short-channel devices, is used.

II. I NVERTER TRANSIENT RESPONSEANALYSIS

The derivations presented in the following are for a rising
input ramp: for
for , and for , where is the input
rise time. The analysis for a falling input is symmetrical, and
similar results are obtained by appropriate substitutions in the
derived equations. The differential equation which describes
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Fig. 1. The CMOS inverter.

the discharge of the load capacitance for the CMOS
inverter (Fig. 1), taking into account the current through the
gate-to-drain coupling capacitance , is derived from the
application of the Kirchoff’s current law at the output node:

For the rising input voltage ramp, the above equation becomes

or
(1)

where

The output load consists of the inverter drain junction
capacitances, the gate capacitances of fanout gates, and the
interconnect capacitance. The equivalent gate-drain capaci-
tance is the sum of the gate-to-drain capacitances of
both transistors, which consist of the gate-to-drain overlap
capacitance and a part of the gate-to-channel capacitance. It is
calculated using the parameters (gate-oxide capacitance
per unit area) and (gate-drain overlap capacitance per
unit channel width) [11].

For the expressions of the transistor currents, the four-
parameter -power law MOS model [7] is used. The pa-
rameters are the velocity saturation index , the drain
current at , the drain saturation
voltage at , and the threshold voltage

. After normalizing voltages with respect to , i.e.,

and
using the variable , the NMOS device current is given
by the following equation:

Cutoff region
Saturation region
Linear region

(2)

Fig. 2. Operation regions of the inverter.

where

and the PMOS current is given in a similar way.
Since the input ramp will reach its final value with the

NMOS device either in saturation or in the linear region, two
main cases of input ramps are considered in order to give
a complete analysis of the output waveform. Forfast input
ramps, the NMOS device is still saturated, while forslow input
ramps the NMOS is in its linear region when the input voltage
ramp reaches its final value. The operation regions of the
inverter are shown in Fig. 2. The separation of the operating
area in regions corresponds to the different combinations of
the operation modes of the NMOS and PMOS devices (i.e.,
linear, saturation, cutoff).

Case A—Fast Input Ramps:In region 1 ,
the NMOS transistor is off and the PMOS transistor is in
the linear region. Part of the charge from the input which is
injected through the coupling capacitance causes an overshoot
at the early part of the output voltage waveform (Fig. 2). This
charge has the major influence on the output in region 1. Since
in this region the differential equation (1) cannot be solved
analytically, an average value of is used in the
expression of the PMOS current, resulting in the following
solution:

(3)

where

and

In region 2 , the NMOS transistor is
saturated and the PMOS transistor is still in the linear region.
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is the normalized time value when the PMOS transistor
is entering the saturation region. In order to give a solution
in the differential equation describing the discharge of the
output load in this region, an approximation of the PMOS
current is used (Fig. 3). Assuming that the minimum of the
PMOS current appears when the input voltage arrives at the
NMOS threshold voltage , then the PMOS current
can be approximated by a linear function of the normalized
time: . is calculated using the
PMOS current equation in the linear region and the value of
the normalized output voltage at in (3). The current
slope is calculated by equating the exact PMOS current
in the linear region with the approximated one at the point

. After that, the output voltage waveform is
described by

(4)

where

The above equation gives waveforms very close to those
derived from SPICE simulations (as shown in Section IV),
which indicates the validity of the PMOS current linear
approximation. In order to continue the analysis for the next
region, the evaluation of the normalized time value and
the normalized output voltage value when the PMOS
device saturates is required. These values satisfy the PMOS
saturation condition: . In order to solve this
equation, a Taylor series expansion [12] around the point

up to the second-order coefficient is used,
for both and . In the special case of very fast input
ramps, the PMOS device is turned off after its linear region
without entering saturation (Fig. 2). This occurs because the
output voltage overshoot finishes when the PMOS device is
already off.

In region 3 , both transistors are
saturated. The analytical solution of (1) is

(5)

where

The integration constant is inserted to ensure continuity
with respect to region 2.

In region 4 , the NMOS transistor
is saturated, the PMOS transistor is off, and the analytical

Fig. 3. Linear approximation of the PMOS current in region 2.

solution of the differential equation (1) is

(6)

In the next region, 5A , the input
ramp has reached its final value without any changes in the
operating mode of the transistors. The analytical solution of
the differential equation (1) in this region is

(7)

is the normalized time value where the NMOS transistor
leaves saturation and is calculated from the above equation for

.
Finally, in region 6 , the NMOS device enters

in its linear region and the PMOS device remains off. The
output voltage waveform is described by

(8)

where

Case B—Slow Input Ramps:The output expressions for re-
gions 1, 2, 3, and 4 are the same as those of the previous
case. In this case the normalized time value should be
calculated from (6) for , and in the case of slower
inputs (Fig. 2) from (5). In order to solve those two equations,
a Taylor series expansion around the point up to
the second-order coefficient is used for , and two more
Taylor series expansions around the point for
the output expressions (5) and (6).

In region 5B , the NMOS transistor is
in the linear region and the PMOS transistor is either off
or so poorly conducting that its influence can be neglected.
SPICE simulations indicate that the PMOS device current in
this region (for ) is up to 2–3% of the NMOS device
current. Neglecting the charging current through the gate-to-
drain coupling capacitance, an approximated solution of (1)
in this region is

(9)
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where

In the last region , the input ramp has reached its
final value, the NMOS device is still in the linear region, and
the PMOS device is off. The output voltage is given by

(10)

where is the value of the normalized output voltage when
the input ramp reaches its final value and is calculated if we
set in (9).

III. PROPAGATION DELAY EVALUATION

The fall propagation delay at the 50% voltage level is
written as: , where is
the normalized time value when . Thus, for the
evaluation of the propagation delay, the normalized time value

must be determined for both cases of input ramps. The
normalized drain saturation voltage (Fig. 2) is a critical
parameter in order to find in which region the 50% level of
the output voltage occurs. Hence, it is necessary to consider
two possibilities in the delay calculation: and

. When , in the case of fast input ramps,
the output voltage reaches the 50% level when the inverter
operates in region 5A if or in region 4 if .

is calculated from (6) for . When occurs
in region 5A, is calculated from (7)

(11)

In the case where occurs in region 4, should
be calculated from (6). In order to solve this equation, the
Taylor series expansion of the output expression (6), which
was also used for the calculation of , is used. After that,

becomes the root of a simple quadratic equation. For slow
input ramps, the condition occurs in region 4 if

or in region 3 if . is the value
of the normalized output voltage when the PMOS device enters
the cutoff region, and is calculated from (5) for . In
the first case, the normalized time value is calculated as
described above, and in the second one, it is calculated using
the Taylor series expansion of the output expression (5). The
error introduced in the calculation of in regions 3 and 4
due to the use of the Taylor series expansions is up to 0.2%.

When , for fast input ramps occurs
in region 6 and is calculated from (8)

(12)

In the case of slow input ramps, the output voltage reaches
the 50% level when the inverter operates in region 6 except
if , where there are two possibilities. Depending on

, the output voltage reaches the 50% level in region 5B
or in region 3 . In region 6,

is calculated from (10)

(13)

Fig. 4. Inverter output waveforms for several values of input rise time.

TABLE I
MOSFET MODEL PARAMETERS USED IN CALCULATIONS

In region 5B, is calculated from (9)

(14)

and in region 3 is calculated using the Taylor series expansion
of the output expression (5).

IV. RESULTS AND CONCLUSIONS

Fig. 4 shows some typical output waveforms produced from
the expressions of Section II. A CMOS process technology of
0.8- m has been used to validate the accuracy of the presented
inverter output waveform expressions. The model parameters
and the dimensions of both transistors are listed in Table I.
For the extraction of the results in Fig. 4, the transistor widths
have been selected in order to achieve equal drain currents

at . The output waveforms produced
by SPICE level 3 simulations are added for comparison. A
supply voltage of 5 V and an output load of 0.2 pF have been
used. It can be observed that the analytical waveforms are very
close to those produced by SPICE simulations. The output
waveforms for input rise times of 0.5 ns and 1 ns correspond
to case A, while those for input rise times of 2 ns and 4 ns
correspond to case B. In Fig. 5 the inverter propagation delay
for a rising input ramp is plotted as a function of the input rise
time. Results using the approaches for the evaluation of the
propagation delay presented in [6]–[8] and [10] are also given.
The presented model gives results closer to those derived from
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Fig. 5. Comparison of simulated and calculated inverter propagation delay
from the proposed and previous models.

SPICE simulations than the other methods. The error is less
than 3%. This occurs because the proposed model includes
the influences of the short-circuit current and the gate-to-
drain coupling capacitance on the expressions of the inverter
output waveform. In Fig. 6 the inverter propagation delay is
plotted as a function of input rise time for several values of
the ratio. Results from SPICE simulations are also
given for comparison. It can be observed that the formulas
for the propagation delay evaluation of the previous section
are valid in a wide range of input transition times and the
channel-width ratio of PMOS and NMOS devices. As shown
in Fig. 6, the nonlinearity of the delay curves which appear for
slow input ramps ( ns) is modulated by the
ratio. When the ratio is increased, the PMOS device
current during the regions where PMOS device ison increases,
growing the reaction to the output node discharge. This is
due to the reduction of the discharge current, which results
in an increase of the propagation delay. For , a
decrease of the propagation delay is caused for quite slow input
transitions ( ns), while for , the delay is still
growing for all the input transitions considered. The reduction
of the delay in the first case occurs due to the asymmetry in the
inverter which results in a logic threshold voltage sufficiently
lower than , where the delay is measured.

The presented timing model can be used for more complex
static gates, since several fast methods [13] have been pro-
posed for reducing a gate to an equivalent inverter. Using these
so-called “collapsing” techniques, the propagation delay of a
gate can be computed quickly and accurately using the inverter

Fig. 6. Inverter propagation delay for several values ofWp=Wn.

timing model and without the complications associated with
trying to generalize the inverter-based model to complex gates.
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